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Abstract
We study a possible symmetrical behavior of the effective charges defined
in the Euclidean and Minkowskian regions and prove that such symmetry is
inconsistent with the causality principle.
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A possible way to resolve the ghost-pole problem for the running coupling constant
obtained by using the renormalization group resummation can be found by imposing Ka¨lle´n–
Lehmann analyticity, which reflects a fundamental property of local quantum field theory—
the principle of causality. This idea in the QCD case has been elaborated in [1]. The correct
analytic properties of the running coupling give the possibility of a self-consistent definition
of the effective running coupling in the timelike, Minkowskian region [2,3]. In this note we
study a possible symmetrical behavior of the effective charges defined in the spacelike and
timelike domains.
The conventional renormalization group method determines the running coupling in the
Euclidean region. To find a QCD parametrization of processes that are characterized by
timelike momenta, such as the process of e+e− annihilation into hadrons, one has to use
some special procedure of ‘analytic continuation’ from the Euclidean to the Minkowskian
region. To this end let consider the Adler D-function, which corresponds to the vector quark
currents. The perturbative expansion improved by the renormalization group method in the
massless case has the form (a = α/4π)
D(Q2) ∝ 1 + d1a¯(Q
2) + d2a¯
2(Q2) + · · · . (1)
The D-function is an analytic function in the complex Q2 plane with a cut along the negative
real axes. Defining the effective charge by
D(Q2) ∝ 1 + d1a¯
eff(Q2) (2)
one can see that it must possess the following spectral representation
a¯eff(Q2) =
1
π
∫ ∞
0
dσ
σ +Q2
ρ(σ) . (3)
The appropriate quantity to define the effective charge in the Minkowskian region (‘s-
channel’) is the R-ratio for the process of e+e− annihilation into hadrons. The structure of
the perturbative expansion for this quantity is similar to the perturbative representation for
the Adler function in the Euclidean region (‘t-channel’) defined by Eq. (1). The functions
D(Q2) and R(s) in some sense can be called as ‘t-s dual’ functions and, similarly to Eq. (2),
one can define the effective charge in the timelike region by
R(s) ∝ 1 + r1a¯
eff
s
(s) , (4)
where the subscript ‘s’ means ‘s-channel’.
There is the following connection between these effective charges in the spacelike and
timelike regions:
a¯eff(Q2) = Q2
∫ ∞
0
ds
(s+Q2)2
a¯eff
s
(s) (5)
and
a¯eff
s
(s) = −
1
2πi
∫
s+iǫ
s−iǫ
dz
z
a¯eff(−z) . (6)
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The contour of integration in (6) lies in the region of the analyticity of the corresponding
integrand.
The effective charge in the t-channel is defined through the spectral function ρ(σ) by
Eq. (3). The corresponding expression for the s-channel charge can be written down as
follows
a¯eff
s
(s) =
1
π
∫ ∞
s
dσ
σ
ρ(σ) . (7)
Nearly a quarter century ago, Schwinger proposed [4] that the Gell-Mann–Low func-
tion, or the β-function, in QED could be represented by a spectral function for the photon
propagator, which has a direct physical meaning. The β-function of the s-channel effective
coupling constant (7) is indeed proportional to the spectral density, according to Schwinger’s
identification
βs(s) = s
da¯eff
s
(s)
ds
= −
̺(s)
π
. (8)
Defining the β-function of the t-channel charge (3) β(Q2) = Q2da¯eff(Q2)/dQ2 we can
write down the following relation between the two β-functions
β(Q2) = Q2
∫ ∞
0
ds
(s+Q2)2
βs(s) . (9)
Thus, the general properties of the theory lead to the following properties of the β-function
considered as a function of the Euclidean momentum Q2: β(Q2) is an analytic function in
the complex Q2-plane with a cut along the negative real axis.
Note that we have defined the effective charge in the s-channel. However, an analogous
analysis can be performed for the running coupling and similar relations and conclusions can
be obtained for it as well. In the framework of perturbation theory, the difference between
the t- and s-channel running coupling constants appears starting from the three-loop level
(these are the well-known π2-terms). Therefore, β(Q2) = βs(s = Q
2) + O(3-loop). It is
also at the three-loop level that the β-function coefficients become renormalization-scheme
dependent.
It is interesting to consider whether there exists a possible solution, which can be called
an s-t ‘self-dual solution’ of Eq. (9), in which there is a symmetrical behavior of the charges
for the t- and s- channels. In this case β(Q2) = βs(s = Q
2) and we have the following
integral equation
β(Q2) = Q2
∫ ∞
0
ds
(s+Q2)2
β(s) . (10)
It is clear that there is a “trivial” solution to Eq. (10), β(Q2) = const. Are there any
other solutions? Introduce the variables Q2/Λ2 = exp(x) and s/Λ2 = exp(y), and put
φ(x) = β(Q2) and φ(y) = β(s), so that from Eq. (10), we obtain the integral equation
φ(x) =
∫ ∞
−∞
dyK(x− y)φ(y), (11)
3
with the kernel
K(x) =
1
4
1
cosh2(x/2)
. (12)
By applying the Fourier transform to Eq. (11) one finds
φ˜(p) = K˜(p) φ˜(p) , (13)
where
K˜(p) =
π p
sinh(π p)
. (14)
Possible nontrivial solutions of Eq. (13) appear at the points for which K˜(p) = 1. However,
there is only one point of that sort: p = 0. Therefore,
φ˜(p) = const · δ(p) , (15)
which leads to the “trivial” solution β(Q2) = const and other s-t self-dual solutions are
absent.
Thus, behaviors of the running couplings in the spacelike and timelike regions cannot
be symmetrical in any renormalization scheme. It should be stressed that to reach this
conclusion we used only the properties of analyticity, which reflect the general principle of
causality, and, therefore, this result can be considered as a rigorous consequence of the first
principles of quantum field theory.
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